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This thesis deals with the study of a system of nonlinear hyperbolic equa-
tions that analyses the evolution of the system of cells of a normal epidermis
and the influence of some medicinal treatments administred in certain pur-
poses. The hyperbolic system is coupled with a nonlinear parabolic problem
that describes the interaction between the epidermis and the treatment.

The structure of the thesis is the following: in the first chapter we briefly
present the model with age and space structure of a normal epidermis pro-
posed in [27], model that describes the structure of a normal epidermis that
is formed of four types of cells. In the second chapter we start from this
model and we adapt it for the study of an epidermis that has been admin-
istred a medication with the purpose of adjusting the processes of divizion
and differentiation of cells. Thus we obtain the mathematical model for the
suprabasal layer that represents the main problem we deal with. In order
to determine the entrances in the system that represents the model for the
suprabasal layer, we present in this chapter the model in the basal layer and
we obtain its solution. This chapter also contains the calculation of the ve-
locity of the cells in the suprabasal layer and the condition for determining
the boundary surface.

In the third chapter we demonstrate the existance of the strict solution
of an intermediate generic problem that appears in the demonstration of the
existance of the solution of the system of equations from the forth chapter.
We use here the theory of semigroups of linear operators (Hille-Yosida).

In the forth chapter we present the properties of function U that repre-
sents the velocity of the cells and we demonstrate the existance and unicity of
the solution of the problem we deal with. Here we use a fixed point procedure
that is essentially based on the Schauder’s fixed point theorem.

In the last chapter of this paper we propose a numerical solution for
the problem. The numerical scheme proposed is based on a finite difference
scheme that uses the approximation of the characteristics of the nonlocal
boundary value problems that compose the mathematical model. The final
part of the chapter contains the expressions of the model parameters, the
error computation, numerical results and their interpretation.

The models of populations structured depending on age, size and spatial
structure have many applications in biology. Thus in [27], [28], [29], are
presented and analyzed models that describe the structure and the evolution
of the cells that compose the epidermis. The epidermis is formed of multiple
layers of epitelial cells that undergo a continuous process of renewal. In
[27] the authors propose a stationary model for the evolution of a normal,
unperturbed epidermis, this model having age and space structure. In normal
skin the proliferation of the cells takes place almost exclusively in the basal
layer where the stem cells generate proliferant cells that after some rounds



of proliferation cease to divide, thus producing non-proliferant (quiescent),
differentiated cells. The model proposed in [27] for the domains (O, a;r) X
(0,L),i = 1,4 includes four types of cells (proliferating -1, differentiated -2,
corneous -3 §i apoptotic -4).

In what follows we refer to the model with age and space structure of
the cells for the evolution of the suprabasal epidermis presented in [27]. We
consider a one-dimensional geometry so that the Cartesian coordinate x is
perpendicular to the epidermis plane. The variable x varies from z = 0 (the
suprabasal layerl) to 2 = L (the end of the stratum corneum).

In normal epidermis the proliferation of cells occurs in the basal layer
where stem cells generate proliferant cells. After four-five rounds of prolifer-
ation these cells cease to divide, thus producing non-proliferating (quiescent),
differentiated cells. The differentiated cells are pushed to the suprabasal layer
and are transformed into corneous cells by a process of keratinization. The
model includes four types of cells: proliferating cells, differentiated cells, cor-
neous cells and apoptotic cells. The apoptotic cells are dead cells that result
from the phenomenon of pathological mitosis and from the death of prolif-
eratint and differentiated cells due to external causes. Those types of cells
are indexed by i = 1,...,4. We denote by n; (a,x) the density with regerd
to age a € [O,aﬂ of the number of cells ¢ per unit volume, at position .
We assume that all cells move towards the surface of the epidermis with the
same positive velocity u ().

The innovation of the model proposed in this tesis is that the model is
more complex because we take into account a medicinal treatment admin-
istred to the system of cells, with the purpose of influencing on the prolif-
eration of proliferating cells into themselves in the suprabasal layer. As a
result of this treatment, the cells n;(a, z) stop proliferating for a life period,
remaining inactive and forming the population named njs (a, x). If the treat-
ment ceases or is not enough, the cells ns (a,x) may begin to proliferate at
a certain age, turning back into the population ns(a,z). Another situation
consists in accelerating the proliferation of proliferating cells if this situation
is desired. We denote by o the concentration of the medicine and by A, A5
the rates of transfer corresponding to the transformation of the cells of types
1 and 5 respectively, as a result of the treatment.



2. The mathematical model
2.1. The mathematical model for the suprabasal layer

In the conditions above, the model that describes the structure of the
epidermis in the domains (0,a;") x (0,L), i = 1,5 is the following:

G+ 2 (uny) + f, (a )n1+M1(@ z)ny+ A (0)ng — A5 (0) ns = 0,
ny (0,2) = fo Bp (a)ny (a,z)da, (1)
u (0) i (a,0) = S (a)
G2 + & (un2) + 5 (a )”2+M2(a>1‘)n2=0,
ny (0,2) =7 ( fo B, (a)ny (a, z) da, (2)
w(0) na (a,0) = Ss (),
dﬂ+dx<un3>+ﬁ3< Jng = 0,

ns (0, ) fo B4 (a) ny (a, ) da, (3)
u (0) ns (a, 0) =0,

( 3—3;‘ + £ (uny) + B4 (as) ng = 0,
2 4
ny (0,2) = > fo v, (a, ) n; (a, ) da;, n
i=1

+(2—1r(2)) foa1+ B (a)ny (a, ) da,
u (0)ny (a,0) =0,

\

o5 + 2 (uns) + ps (a,2) ns + As (0) ns — Ay (o) ny + B5 (a) ns = 0,

ns (0,2) =0, (5)
ns (a,0) = 0,
( d:c2 =di (o fo ny ( (a) da
—|—d2 fO TLQ )da (6)
+ds (o fo ns (a) vs (a) da + f(x),
\ 0<0)200a§m( )—l—aa( )




Equation (6) describes the action of the treatment. We consider the treat-
ment to be administred by a flux type relation or by a Dirichlet condition.

In the problem (1)-(6) we made the following notations:

f3, represents the rate of proliferation (fertility) of the cells of type 1 that
are transformed in cells of type 1;

[, represents the rate of transfer of proliferating cells into differentiated
cells;

B, represents the rate of tranzition of differentiated cells into corneous
cells;

B4 represents the rate of degradation of corneous cells;

B, represents the rate of degradation of the apoptotic cells into liquid
waste;

Bs represents the rate of degradation of the cells ns;

o represents the concentration of the treatment;

d; represents the absorption rate of the medication by the cells of type 1,
i€ {1,2,5};

A; represents the rate of transformation of the cells of type i as a result
of the medicinal treatment, i € {1,5}.

The function r represents the medium number of viable cells that result
from the process of division of the proliferating cells. In normal conditions
r = 2. In pathological conditions, r € [0,2). The function x represents
the number of proliferating cells that are obtained from a division of the
proliferating cells into themselves. If » = 2 then xy = 0 and if » = 0 then
x=1ory=2.

The functions i, 1, represent the rates of mortality of the proliferat-
ing cells and differentiated cells, respectively, due to external causes. The
functions S (a), Sz (a) represent the flux of proliferating and differentiated
cells,respectively, from the basal layer, generated by the stem cells. We sup-
pose that in the basal layer we do not have entries of cells of types 3 and 4,
and so we consider S5 (a) = Sy (a) = 0.

We consider the rates 3;,3, to depend on the age of the cells and to
blow-up on a = a;, i = 1,5 so that

af
| bi@da = +oc,i =T, (7
0
af’
/ B, (a) da = +oo. (8)
0
Thus, the age of the cells n; is limited by a finite value a;,7 = 1,5 and
the density of the cells n; is annuled at a = a;. We consider af = a; .



2.4. The model in the basal layer

In what follows we will complete the model (1)-(6) with a model that
describes the activity of the cells in the basal layer. The purpose of this
model is to obtain the analytic expressions for the functions Si, Sz, S3, 54 55.

These functions represent the entries to the system (1)-(6) and modelate
the activity of producing the cells in the basal layer.

The functions S; (a), Sz (a) represent the flux of proliferating and differ-
entiated cells, respectively, from the basal layer and represent the entries into
the system. We consider that we do not have a flux of corneous cells from
the basal layer, so S5 (a) = 0.

Leaving aside the spacial structure of the basal layer and following the
ideas from [38] we can describe the population of cells by the age densities
of the number of cells per unit volume. Let m be the number of rounds of
division of the proliferating cells, v; (a) the age density of the cells into the
i-th round of division, vp (a) the age density of the differentiated cells and
va (a) the age density of the apoptotic cells. We can write the following
system of equations:

9 — _ a a))rvila
{ da (BL(I ()OSF:MISO,( )) ( )7 (9)

{ % = - (51 (a)++ M1, (a)) vy (a),
0) =rg foal B (a) vy (a) da,

{ = = (0.0 )
Vin—1(0) =70 [3* B1 (@) V2 (a) da,

%o = — (B (a) + 11 (a) +u10 @) vm (a)
{ Um, 0)_7"0fo B1 (a) vm-1 (a) da, "
{ B =—(m(a >+u20 (@) vp (a), (13)

vp (0) =1 (t) By (a) v, (a) da,
)

Ga — — (54()+774()) ala),
Zz s (Mlo ( —10) B, (a)) vi (a) da (14)
—l—f to, (@) vp (a) da.

In the formulas above, s characterlzes the input of proliferating cells that
are generated by stem cells, 3, (a) represents the rate of transfer of the prolif-
erating cells, i, , o, represent the distructive action of the external agents,
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11,M, represent the rate of detachment of the cells in the m-th round of
division and of the differentiated cells, respectively. The function 7, (a) rep-
resents the rate of detachment of the apoptotic cells from the basal layer.

Under these circumstances, the flows S; (a) and S (a) are given by the
formulas:

S1(a) =y (a) vm (a) , (15)
Sz (a) = ny (a) vp (a), (16)
Si(a) =n4(a)va(a). (17)

We will consider that the flow of the corneous cells in the suprabasal layer is

equal to zero, i.e. S3(a) = 0.

2.5. The transformed model in the suprabasal layer

We introduce the survival probability functions :

M (a;) = exp (— | s dg) =T (18)

and instead of the state variables n; (a,z) (the density of the i-th cells)
we introduce the normalized densities:

pila.) =) i T

The velocity of the cells was determined in paragraph 2.3. Since u depends
on p;, we adopt the following notation for the velocity of the cells

ot

(19)

U(:rp_uﬁ—gj// (@) pi (0,€) dadé,  (20)

where ug > 0 is

wo = é Z/O vi (a) Si (), (21)

and b= (p17p27p37p47p5) :
If we use now (19) the problem (1)-(6) becomes:

AU D) o2) 0 ) 0D =0
p1(0,2) = x (2) [§" B, (a ) p1(a,z) My (a) da, (22)
P1 (CL O) (Z),



2 (0,2) = (z) [{7 By (a) pi (a,2) M ()d% (23)
p2 (a O) ( >’

{ %+%(@Mm)

{ %*ﬁﬂU@Pmﬂ+MWa)

fo By (a) p2 (a,z) M. () (24)
ps (a, 0) 0,

ey 2 (U (fv,p)m) =0,
pa(0,7) = ZL&uz ) pi (a, %) Mi (a) da (25)

+2-r(z fo B1(a) My (a) p1 (a,z) da,
P4 (a,0) =0,

j =]
~—
|
=
—~
[\
(=2}
~—

p5( y L

{ & + B (U (,p) ps) + (ps (@, %) + X5 (0)) ps — A1 (0) pr = 0,
y o (CL, 0) = 0,

—22 — g, (o) ‘f M (a) vy (a) p1 (a,7) da
+d2£ o) 0a2 M, (a) vy (a) p2 (a,x) da
+ds (0) [o° Ms (a) vs (a) ps (a,x) da + f(2),
0 (0) =00,% (L) +ao (L) =0y

(27)

In the problem above a;f, L > 0 and y,, 3;, M;, Ni, A; are known functions.

Hypotheses:
i) p; € C2([0,a™] x [0, L]) 5 p; > 05

i) 8 € LL, (0,af); [ B, (a)da = 00,8, > 0,i = 1,5,
51:65+6(),!6()|§5,6€L°°(0,a1)-
m)recl([, L]),0<r(z) <2,z €[0,L)].

v) N; € C2 ([0,a}]) ,Ni > 0,a; € [0,a}], unde

Gl N Si@)
Mi (CL) U()Mi (&)7 ’

€ [0,af],1=1,2, (28)
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v) x € C'[0,L];

vi) M; (a) = exp (— [y B; () d€) ,i=T1,5
vii) A1, As € Lip (R) N L™ (R);

viii) v; € C1[0,4] i = 1,5;

ix) 8, ELlOC(O,af), Oairﬁp(a)da:—l—oo,ﬁp20,|ﬁp—61} < dp, 0, > 0;

5."

x) di,ds, ds € Lip (R) N L> (R)

3. Preliminary results

In the following theoretical results we assume L to be fixed, and its de-
termination will be done numerically. The system (22)-(27) will be solved by
fixed point theorems. We chose the vector (p1,p2,ps, ps, ps) from a certain
space of functions, we fix p1, p2, p3, P4, ps in the nonlinear terms from the
equations (22)-(27) and in certain linear terms. Thus, each of the systems
(22)-(26) has the following generic form:

ot (9(2) ), +h(a,x)p=f (az)€(0a")x(0L),
¢ (a,0) =G (a), a € (0,a"), (29)

¢ (0,2)=F(x), x€(0,L),

We make the following hypotheses:

g€ H*(0,L), g>0forxe(0,L), (30)
GeC?[0,a], FEeH (0,L), F(0)=G(0), (31)
heC?([0,a"] x[0,L]), feC" ([0,a];H"[0,L]). (32)

The system (29) is linear, with local boundary conditions and with free
boundary.

Definition 3.1. We call a strict solution of the problem (29) a function
e C' ([0,a*];L*(0,L))NC ([0,a™]; H" (0, L)) (33)
that satisfies (29).

Let
he = 7l cro.at1x0, 1)) (34)
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3 1
@ = S gl + lguell VE+ Ry (L4 1) 4 5. (3)

In what follows, we will denote the norm of a function u € L?(0,L) by
] -

The central result of the following developments is given by Theorem 3.1

Theorem 3.1. We assume that the hypotheses (30), (31), (32) hold.
Then, the problem (29) has an unique strict solution which satisfies the
inequality

wa+
lelloqoatimorny < € EFNmor) +Vatvg0) 1G]l cpa

+Var [ fllegoatmo.nn (36)
If in addition

F(z)>0forze[0,L], G(a) >0forac [0,a], f=0, (37)
then the solution of the problem (29) satisfies the property
¢(a,2) >0, (V) (a,2) € [0,a"] x[0,L]. (38)

4. Results of existence and unicity for the complete model

Our purpose in this chapter is to demonstrate the existence and unicity
of the solution of the problem (22)-(27).

We will consider the spaces
V;=C([0,a]];H"(0,L)) and H; = C ([0,a];L*(0,L))  (39)
I

v, = max v (a)llgrry, (V]

= max ||?Y(a .
ae[O,aﬂ H; . H ()HL2(07L)

E[O,azr]
5

Y =][c ([0.af];2%(0,1)), (40)

=1

1
5 2
I2]ly = (E ||Zz‘||§{i> 2 = (21, 22,23, 24, 25) € Y. (41)
i=1

Let R > 0. We consider the set

M={z €Yz €Villzly, < Roz(a,2) 2 0,%(,0) = Ny(a) i =15},



Ug

< :
VIC,

(43)

In order to assure the positivity of the function U we will search for
solutions of the problems (22)-(26) that satisfy the property

Uo
Ipleoaranon) < g “
1 <~
C, = — H kz’ . 45
P ; L1(0,a};C0,L]) (4)

The main result is given by the following theorem. Let K and £ be
two positive constants that depend on the parameters of the problem. This
dependence is described by some very complicated expressions what will be
determined during the demonstration of Teorem 4.1. From this reason we do
not indicate them in the theorem.

Theorem 4.1. Let ug,.C, and R so that (43) takes place and let I so

that IC <R. Then the problem (22)-(26) has at least one solution
p = (p1, P2, 13,1, ps5) so that

pi € C*([0,af]; L% (0,L)) N C ([0,a]]; H' (0,L)),i=T1,5,  (46)

IPillcqoarimoy < Bi=1.5, (47)

0<pila,x)< C’N+%, (a,2) € [0,af] x [0,L],i=1,5. (48)

In addition, for £ <1 , the solution is unique.

We fix z € M and we define

U(xz—uo+—2// i (a,€) 2 (a,&) dadg. (49)
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4.2. The demonstration of the existence and unicity of the so-
lution of the system

We remark that the solution of the system in o depends on p; and we
note it o?. We take z = (z1, 22, 23, 24, 25) € M. We fix this z in (22)-(27)
in all the nonlinear terms (respectively in U (z, z) ), in the right member of
equation (22), in the right member of the boundary condition in a = 0 from
(22) and in the right member of equation (27).

Thus we obtain the system:

Bt F U 2)p) + (1 (0,0) + 21 (0)) pr = s (0) 283 =0,
p1(0,2) = x (2) oa1 By (a )zl(a x) M (a) da, (50)
b1 (a,O) a,

P+ 5 U, Z)p2)+u2 (@, 2) p2

p2(0,2) =7 () [ () 1(a,z) M ()da, (51)
p2 (a 0) = Nz (a),
% + ( (z,2)p3) =
ps (0,2) = [ B, () s (a m)M (a) da, (52)
p3 (CL 0) 0,

% + [% (U($,2)p4) = O>

2 +
x :Zfoai w; (a) pi (a,x) M; (a) da

(53)

+2—-r(x fo P (a) My (a) pr (a, ) da,

\ P4 (a,0) =0,

%+ 2 (U (2,2)ps) + (15 (0,) + X5 (0)) ps = M1 (0) p1 = 0,

Ds (07 I) - 0’ (54)
D5 (a’ O) = 07
~£5 =1 (0) [y M1 (a) 1 (0) 21 (a,7) da

+d2 fo M, (a) vz (a) 22 (a, z) da (55)

+d5 (U) fo M5 ) (a) 25 (CL, .1') da + f((L‘),
0 (0) =00,% (L) + ao (L) = 0.
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Let o be the solution of the problem (55) and p = (p1, p2, p3, P4, ps) the
solution of the problem (50)-(54)

Let the mapping
i M= M, P(2) =p, (56)

that associates to the element z = (z1, 22, 23, 24, 25) € M the element
p = (p1, P2, D3, Pa, P5) - We demonstrate that the mapping 1 is well defined
and that it satisfies the conditions from Schauder’s theorem, and so it has a
fixed point. After that we show that the mapping ¢ is a contraction, so the
solution of the system (22)-(26) is unique.

We consider the problem (55)

Proposition 4.1. If

2

L? (CN + \/ZR) ’ (57)

leale + UQM(Z;LQ + 'U5MCZ5+L5 <

then the problem (55) has an unique solution o € H? (0, L).

Proposition 4.2. Let 2,7 € M and 0,7 the solutions of the problem
(55) corresponding to z and Z, respectively. If (57) takes place then it exists
C, > 0 so that:

lo =7l < Cs ||z ==y (58)
For the calculations that follow we remark that the problems (50)-(54)
have the form
&+ 2 (g(x)pi) + hi(a,2) pi = fi(a,7), (a,7) € (0,a]) x (0, L)
pi (0,z) = F;(z),x € (0,L) (59)
pi(a,0) =G, (a),a € (0,a]).

Proposition 4.3. For K < R the mapping (56) is well defined, i.e.
v(z) e M, (V) z € M.

Proposition 4.4. The mapping ¢ : M — M given by (56) is continuous
with respect to the norm induced on M by the norm from Y.

Proposition 4.5. ¢ (M) is relatively compact in Y.
By using Schauder’s theorem we obtain thar the mapping ¢ has a fixed
point.
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5. Numerical solution of the problem

5.1. Numerical scheme

In order to obtain a numerical solution of the problem (22)-(27) we will
use a finite difference scheme. In order to build the finite difference scheme
we will follow the ideas presented in [28]. We will write U (z) instead of
U (z,p). We obtain a system equivalent to (22)-(27). We multiply (22)-(27)
by U (z) and we introduce the functions:

pi(a,z) =U (z)p; (a,x),i=1,5. (60)

{0t J—

n; (a,z) = M; (a) pi (a,x) = M; (a) U (z)

The system (22)-(27) becomes:

B4 U (1) 2 + (i (0,) + A1 (0)) By — s (0) P 22 — 0,

1
T

P U () 22 + pty (0,2) T = 0,
P2 (0,2) = F (z), (63)
2_92 (CL, 0) = G2 (CL) )
P 1 U (z) 2 =0,
P53 (0,7) = F3(2), (64)
D3 (CL, 0) - G3 (CL) )
% + U (z) % =0,
P4 (0,7) = Fy(2), (65)
Dy (as1,0) = Gy (aq),
P 4 U7 () 2o + (g (a5, 7) + s (0)) Bs — My =0,
D5 (0,2) = F5 (z), (66)
D5 (a5,0) = G5 (as),
(U@ = 5 My (a) vy (a) rda
+~|—d2 fo% My (a) vz (@) Dyda
+ds fo% Ms5 (a) UE, ()a) Psda + U (z) f (x), (67)
o (0) = oy,
\ Z—Z(L)ﬂL&a (L) =0y,
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We obtain the following equations by discretization

s (09+1) %Pé’j h+ P

pitbitl — — i=0,n+ —1, 68
T @ ey T .
L pPhi
Pyttt = —2 i =0,n — 1, (69)
14+ ps’h 2
Py = Pl i = 0n, — 1, (70)
Pt = Pl =00 — 1, (71)

o hAp (09F1) PY 4 pii SR
e R s NN
1+h(,u5’J+)\5 (ay+1)) 5

Mot -1 Mo -1

. Ll a2y 25
j+1 7 2: 7 i pt,J+1 7 i pi,j+1
i=0 i=0
na;’71 naifl
it D+l i i pihi+l
+ E V3 M3 Py + E vy My P,
i=0 i=0
nagfl
i At DL+l
+ E vs M; Py , (73)
i=0

The numerical error estiomation for p;,7 = 1,5 is of the same order as h.

5.2. Numerical algorithm
Step 0. Data initialization: a;,a; ,...,n+, h, 00,07, a, &, functions 3;, M;, v;,

17 )

W, X, 7, all the parameters from the basal layer.

Step 1. Computations of the functions Gy (a), F; (z),l = 1,...,5 for j = 0
and for ¢ = 0.

Step 2. Verification of the conditions of campability.
Step 8. Computation of U® = .
Step 4. Initialization of j = 0,k° = ugh and L° = 0.

Step 5. Computation of L/*! and of the following values in this order:

—i+1+1 =0j+1 —=0,j+1 —i+1j+1 —0j+1 —i+1,j4+1 —0j+1 —i+1j+1 —=0,j4+1 —i+1,j+1
pl ) pl ) p2 ) p2 ) p3 ) p3 ) p4 ) p4 ) p5 ) p5 )

Uit for i = 0, o Mg — 1 (l=1,..,5)and j=0,...., N, — 1.
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Step 6. Solve with a finite difference scheme the boundary value problem

(

2 a+ N
~U (z) £% = dy [;* M, (a)vi (a) Prda

+do foa2+ M, (a) vz (a) P2da
+ds [ Ms (a) vs (a) Pada + U (z) f (z). (74)
o (0) =0y

fl—g (L™ +ao (L) =0y,

\

and compute 07! = o (L71).

Step 7. Computation of the real values
]_97’7]
/[:7' J— L] > — y — —
nlJ_Mlm’ —O,naf,j—O,le—l,&

Step 8. Transformation of the vectors of discrete values into functions of a

and z.

Step 9. Computation of the integrals of n;, with respect to a and computation
of the function ®.

Step 10. Computation of the function I' (z) and of A*.

5.5. Numerical results

Based on the numerical algorithm presented above we wrote a Matlab
programme in order to obtain a numerical solution of the problem we dealt
with in this thesis. We fixed certain numerical values for some of the problem
parameters and we let others vary between certain limits in order to put into
evidence the influence of the medicinal treatment on the epidermis. The
conclusions of the numerical analysis we made on the problem we dealt with
in this thesis are presented in the final part of the thesis. The figures below
represent one of the cases studied in this thesis and contain the variation of
the concentration of the treatment o, the variations of the functions \; that
represent the rate of transformation of the cells of type i as a result of the
medicinal treatment, i € {1,5}, the variation of the density of the number
of cells related to = (measured in cells/um?) which is defined by the formula

+

/1 ni (a,z)da,i =1,5,
0

and the variation of the cohesion function I'.
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The variation of function o
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Figure 3a. Variation of function o, Aj max = 1 (case 2)

The variation of functions )‘1 and )\5
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Figure 3b. Variation of functions \;, A5 (case 2)
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Figure 3c. The density of the number of cells, Aj max = 1 (case 2)

The variation of function T
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Figure 3d. Variation of function I'; A\j,ax = 1 (case 2)

17



Bibliografie

1]

[10]

Agmon, S., Douglis, A., Nirenberg, L., Estimates near the boundary
for solutions of elliptic partial differential equations satisfying general

boundary conditions, Communications on pure and applied mathematics
12, 623-727 (1959).

Anita, S., Arnautu, V., Capasso, V., An Introduction to Optimal Control
Problems in Life Sciences and Economics, Birkhauser, 2011.

Anita, S., Analysis and control of age-dependent population dynamics,
Kluwer Academic Publishers, Dordrecht, Boston, London, 2000.

Barbu, V., Partial Differential Equations and Boundary Value Problems,
Kluwer Academic Publishers, Dordrecht, 1998.

Barbu, V., Nonlinear semigroups and differential equations in Banach
spaces, Institutul European, Iasi, 2011.

Barbu, V., Iannelli, M., The semigroups approach to non-linear age-
structured population, Rend. Inst. Mat. Univ. Trieste, Suppl. Vol.
XXVIII, 59-71 (1997).

Beldiman, M., Boaca, 1., Marinoschi, G., Optimization of a singular
flow in a porous medium, 7Z. Angew. Math. Mech. 93, No. 9, 633 — 647
(2013) / DOI 10.1002/zamm.201200178.

Bertuzzi, A., Fasano, A., Gandolfi, A., A free boundary problem with
unilateral constraints describing the evolution of a tumor cord under the
influence of cell killing agents, STAM J. Math. Anal., 36 (3), 882-915
(2005).

Bertuzzi, A., Fasano, A., Gandolfi, A., Sinisgalli, C., Tumour cords and
their response to anticancer agents, In Angelis, E., Chaplain, M. A. J.,
Bellomo, N., (ed) Selected topics in cancer modeling, Springer, 2008.

Boaca, T., Boaca, 1., Spectral Galerkin Method in the Study of Mass
Transfer in Laminar and Turbulent Flows, Proceedings of the 17th
European Symposium on Computer Aided Process Engineering — ES-
CAPE17, V. Plesu and P.S. Agachi (Editors), 2007, Elsevier, B.V. Ltd,
p- 99-105.

18



[11]

[12]

Boaca, T., Boaca, 1., On Viscous Dissipation in Newtonian Fluid Flow
through an Annular Cross Section Tube, Proceedings of the 2007 Inter-
national Conference on Scientific Computing, Las Vegas, USA, 2007, p.
196-199.

Boaca, T., Paraschiv, N., Boaca, 1., Steady convection in Newtonian
fluid flow through an annular cross section tube, Proceedings of the 4th
International Symposium on Advances in Computational Heat Transfer,
11-16 may 2008, Marrakech, Morocco, Begell House, Inc. Redding, CT,
USA.

Boaca, T., Boaca, 1., Laminar Forced Convection in Circular duct for

Power- Law Fluid, Transaction on Computational Science, Vol. I, 139-
158 (2008).

Boaca, T., Boaca, 1., Galerkin’s method for Heat Transfer in Power-
Law Fluid Flow in Tubes with Viscous Dissipations, Proceedings of the
2008 International Conference on Scientific Computing, Las Vegas, USA,
2008, 302-305.

Boaca, T., Boaca, 1., Spectral Method in the Study of Mass Transfer
Chemical Process, Proceedings of the 2008 International Conference on
Scientific Computing, Las Vegas, USA, 2008, 325-328.

Boaca, T., Boaca, 1., An Unified Numerical Approach of Steady Con-
vection between Two Parallel Plates, Applied Mathematics and Compu-
tation 215, 7, 2673-2685 (2009) / DOI: 10.1016/j.amc.2009.09.007.

Boaca, T., Boaca, 1., Entropy generation and the Nusselt number in
power-law fluid forced convection through parallel plates with third kind
boundary conditions, Journal of Engineering Mathematics, 100, 1, 100-
121 (2016) /doi:10.1007/s10665-015-9838-2.

Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential
Equations, Springer, New York, 2011.

Brezis, H., Operateurs mazimauz monotones et semi-groupes de contrac-
tions dans les espaces de Hilbert, North-Holland, Amsterdam, 1973.

Busenberg, S., Tannelli, M., A class of nonlinear diffusion problems in
age-dependent population dynamics, Nonlinear Analysis TMA 7 (5), 501-
529 (1983).

19



[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

Cui, S., Friedman, A., A free boundary problem for a singular system of
differential equations: an application to a model of tumor growth, Trans.
Am. Math. Soc. 355, 3537-3590 (2003a) .

Dinca, G., Metode variationale si aplicatii, Editura Tehnica, Bucuresti,
1980.

Engel, K., J., Nagel, R., One-Parameter Semigroups for Linear Evolu-
tion Equation, Springer, New-York, 1995.

Evans, L. C., Partial Differential Fquations, American Mathematical
Society, 2010.

Friedman, A., Hu, B., Kao, C-Y., Cell cicle control at the first restriction
point and its effect on tissue growth, J. Math. Biol. 60, 881-907 (2010).

Friedman, A., Free boundary problems in biology, Phil. Trans. R. Soc. A
373, 20140368 (2015).

Gandolfi, A., Tannelli, M., Marinoschi, G., An age-structured model of
epidermis growth, J. Math. Biol. 62, 111-141 (2011).

Gandolfi, A., Iannelli, M., Marinoschi, G., The steady state of epidermis:
mathematical modeling and numerical simulations, J. Math. Biol (2016)
d0i:10.1007/s00285-016-1006-4.

Gandolfi, A., Iannelli, M., Marinoschi, G., Time evolution for a model
of epidermis growth, J. Evol. Equ. 13, 509-533 (2013).

Gilbarg, D., Trudinger, N., Elliptic Partial Differential Equations of
Second Order, Springer, Berlin, 2001.

Gurtin, M., MacCamy, R., Nonlinear age-dependent population dynam-
ics, Arch. Rat. Mech. Anal. 54, 281-300 (1974).

Gurtin, M., MacCamy, R., Diffusion models for age-structured popula-
tions, Math. Biosci. 54 (1-2), 49-59 (1981).

Gurtin, M., MacCamy, R., Product solutions and asymptotic behavior
for age-dependent, dispersing populations, Math. Biosci. 62 (2), 157-167
(1982).

lannelli, M., Mathematical theory of age-structured population dynamics,
CNR Applied Mathematics Monographs, Giardini, Pisa, Vol.7, 1995.

20



[35] Tannelli, M., Barbu, V., Stabilization of the Gurtin-MacCamy population
system, J. Evol. Equ. 9, 727-745 (2009).

[36] Lang, S., Real Analysis, Addison-Wesley, London, 1983.

[37] Marinoschi, G., Functional Approach to Nonlinear Models of Water Flow
in Soils, Springer, 2006.

[38] Savill, N. J., Mathematical models of hierarhically structured cell popu-
lations under equilibrium with application to the epidermis, Cell Prolif.
36, 1-26 (2003).

[39] Webb, G. F., Population models structured by age, size, and spatial
position. In: Structured population models in Biology and Epidemiology.
Auger, P., Magal, P., Ruan, S. (eds.), Springer Verlag, 1-49 (2008).

[40] Webb, G. F., Nonlinear semigroups and age-dependent population mod-
els, Annali di matematica pura ed applicada, 129, 1, 43-55 (1981).

21



